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1. INTRODUCTION

It is well known that random processes can be classi"ed into stationary ones and
non-stationary ones. The most important feature of a stationary random process lies in that
its statistical property in frequency domain does not depend on time. So the power spectral
density function of a stationary random process is the best representative of its frequency
characteristics. On the contrary, if the statistical properties of a random process vary with
time, then the process must be a non-stationary one. In many cases, random excitations
may be reasonably regarded as stationary ones, so large amounts of random vibration
problems are stationary ones. However, in some other cases, random excitations must be
treated as non-stationary ones, such as earthquakes, gusts, raging tides, blast waves, etc.
Nevertheless, it is too complex to model a non-stationary random excitation in its general
form, and the related response problem is too di$cult to solve. Fortunately, there is
a sub-class of non-stationary random processes, called evolutionary random processes. An
evolutionary random process is a special kind of non-stationary random process, which
results from a stationary one by deterministic modulation. It is Priestley [1] who "rst
suggested the concept of an evolutionary power spectrum to describe the modulated
characteristics of an evolutionary random process. Short after then, based on that concept,
Hammond [2] and Shinozoka [3] developed a modal summation method for evolutionary
random responses of classically damped Md.o.f. linear systems. Usually, by "ltering
a stationary random process through a linear time-dependent "lter, the output of the "lter
would be an evolutionary one. However, there is another type of evolutionary random
process, which results from non-linear transformation of the argument of a stationary
random process, such as the excitation of road undulation to a vehicle travelling with
variable speed. Though these two types of evolutionary random excitations result from
stationary random process by two utterly di!erent ways, the corresponding response
problems have much in common. A uni"ed approach to these two types of response problems
was "rst suggested by Fang and Sun [4]. Another new contribution in reference [4] lies in
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a clear and de"nite conclusion that all these evolutionary random response problems can be
reduced into transient response problems of the original system subject to some
deterministic excitations. The statement in reference [4] was based on time-invariant
dynamic systems. In this paper, we will extend these results to time-variant dynamic
systems.

2. TWO TYPES OF EVOLUTIONARY RANDOM EXCITATIONS

The above-mentioned two types of evolutionary random excitations can be modelled as
follows: one may be obtained by "ltering a stationary random process through a linear
time-dependent system, while another may result from a non-linear transformation of the
argument of a stationary random process.
Suppose that F (t) is a stationary random process with zero mean, and let its correlation

functions be expressed through power spectral density S (�) as follows:
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Let the impulse response function of a time-variant linear "lter be a (t, �), which is the output
at instant t of the "lter due to a unit impulse input at instant t!�. Then, due to a stationary
random input F (t), the output f (t) of the "lter can be obtained as
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It is seen that if F (t) has a zero mean value, so has f (t). So the correlation functions of f (t)
can be obtained as
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Letting t
�
"t

�
"t in equation (3), we have
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Thus, the evolutionary power spectral density of f (t) can be de"ned as

S
�
(�, t),� (�, t)�N (�, t)S(�), (6)
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where the two-dimensional deterministic function, �(�, t), of t and � is usually called
a modulating function. It is the modulating function, which regulates a stationary random
process into an evolutionary one. The non-stationary stochastic model of seismic motions
during earthquake often takes this type of evolutionary random process.
Now let us turn to the random excitation experienced by a vehicle travelling with variable

speed due to the road undulation. It is reasonable to assume the undulation of a highway
surface as a homogeneous random process with respect to distance x. For analysis in time
domain, it is necessary to transform the argument of the random process, F (x), from the
distance domain x to the time domain t. Suppose that the transformation is a non-linear
one, i.e.,

x"� (t). (7)

Letting F (x) correspond to f (t), and x
�
correspond to t

�
, we have

x
�
"�(t

�
), i"1, 2.

Then, the correlation functions of f (t) can be expressed as
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3. MEAN SQUARE EVOLUTIONARY RANDOM RESPONSES OF A TIME-VARIANT
LINEAR SYSTEM

Suppose an n-d.o.f. time-variant linear system is subject to an evolutionary random
excitation with a common source f (t). Its di!erential equation for response x can be
expressed as

m (t)xK#c(t)xR #k (t)x"b f (t), (9)

where m(t), c(t), and k (t) are time-variant matrices of mass, damping and sti!ness,
respectively, among whichm(t) being a positive-de"nite matrix; b is a real constant n-vector,
and f (t) is a scalar evolutionary random process with a zero mean value and with
correlation functions expressed by equation (3) or equation (8). By introducing the state
variables

y"�
x

xR � ,

equation (9) can be reduced to a system of "rst order equations of state variables

yR "A(t)y#B (t) f (t), (10)
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where
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0
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The homogeneous equation corresponding to equation (10) is
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Its general solution can be expressed as
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Then, for t
	
"0, y

	
"0, the transient solution for a sample excitation of equation (10) can

be obtained as
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�(t, u)B (u) f (u) du. (13)

And the corresponding mean square response matrix can be expressed as
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By using equation (3) or equation (8), the above equation can be rewritten as
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where for equation (3),
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It is easy to see from equation (14) thatH(�, t) is just the modulating function matrix of the
wanted evolutionary random response. By comparing equation (15) or equation (16) with
equation (13), one can also see that as long as � is taken as a "xed parameter,H (�, t) is just
the transient response of the original system subject to a deterministic excitation,
B(t)�(�, t)e���� [for equation (15)] or B (t)e������� [for equation (16)], under a zero initial
condition. In this sense, the mean square evolutionary random response problem is "nally
reduced to a transient response problem of the original system subject to some deterministic
excitation.
In general, the transition matrix of a time-variant linear system is too di$cult to obtain in

analytical form. Fortunately, what we are looking for is only a particular solution of the
system under a zero initial condition. This kind of particular solution is not di$cult to "nd
through any e!ective numerical methods, such as Runge}Kutta method, etc.
In case the random excitation is a stationary one, we have � (�, t),1, or � (t),t. Then,

both equations (15) and (16) degenerate to

H (�, t)"�
�

	

�(t, u)B (u)e����du. (17)

In case the original system is time-invariant, we have A(t),A. B (t),B, and
�(t, u),e������. Then equations (15) and (16) convert separately into
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The above results coincide exactly with those in reference [4].

4. A NUMERICAL EXAMPLE [5]

The response problem of a vehicle passing across a bridge is taken as an example. For
simplifying analysis, a vehicle is taken as a 2-d.o.f. mass}spring system, and a bridge as
a simply supported uniform beam. Though the two separated sub-systems are
time-invariant ones, while the vehicle travelling along the bridge, the coupled system should
be a time-variant one, as shown in Figure 1. Suppose that the vehicle is travelling with
a constant speed v, then the distance travelled can be expressed as x"vt. The bridge
undulation, � (x), is supposed to be a homogeneous random process along the distance x,
with a zero mean and with correlation functions as

E[� (x
�
)�(x

�
)]"�

�

��

S(�)e ���������d�. (18)

The vertical responses y(x, t), y
�
, and y

�
of the coupled system under the in#uence of

moving vehicle weight and the bridge undulation are considered here. To derive the



Figure 1. Mathematical model of a coupled and vehicle and bridge system.
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di!erential equations of the coupled system, the "rst n natural modes of a simply supported
uniform beam

�
�
(x)"�2 sin(i�x/l), i"1, 2,2, n

are taken as the assumed modes of the bridge in the coupled system. Then, y (x, t) can be
expressed as

y(x, t)"
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(t), (19)

where q
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(t) are the modal response corresponding to �

�
(x). By using the assumed modal

method, the di!erential equations of the coupled system can "nally be obtained as follows:
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where ��
�
"(i�/l )�EI/(�A), m

�
"�Al ; f

�
(t) is a deterministic excitation resulting from the

moving vehicle weight, and f (t) is a random excitation resulting from the bridge undulation.
Therefore, the total response of the coupled system consists of two components,
a deterministic one due to f

�
(t)1s, and a random one due to f (t). Since f

�
(t)1s and f (t) are

mutually independent, the corresponding two component responses can be obtained
separately. The former can be obtained by the conventional method and the latter can be
obtained by the above-stated method.
In the following calculations, data are taken as follows: EI"2 658 069kNm�,

�A"6067 kg/m, m
�
"12 000kg, m

�
"500 kg, k

�
"280 000N/m, k

�
"156 000N/m,



Figure 2. Response of m
�
for l"30m, and v"10m/s (left) and v"20m/s (right): **, �y

�
� ; - - - -, 	

�
.

Figure 3. Response of m
�
for v"20m/s, and l"20m (left) and l"40m (right): **, �y

�
� ; - - - -, 	

�
.
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c
�
"11)59�10Ns/m. The power spectral density of the homogeneous random undulation

is taken as

S (�)"
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where ��
	
"��#��, �"0)1, �"0)3, 
"1 cm�. The numerical results for v"10 and

20m/s, and l"30m are shown in Figure 2, and those for v"20m/s, and l"20 and 40m
are shown in Figure 3. In these "gures, solid curves represent the absolute value of the
deterministic component responses, while the dotted curves represent the r.m.s. random
component responses. It reveals in calculations that taking the number of the selected
assumed modes n"4 is good enough. All the results for n*4 coincide with each other.
It is seen in Figure 2 that for a "xed bridge length, the faster the travelling speed, the

smaller the r.m.s. value of the random response as compared with the deterministic
response. And it is seen in Figure 3 that for a "xed travelling speed, the longer the bridge
length, the smaller the r.m.s. value of the random response as compared with the
deterministic response.
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5. CONCLUSIONS

(1) A deep understanding of evolutionary random response problems is introduced here.
The key for solving an evolutionary random response problem is to "nd the modulating
function of the response, or equivalently to "nd a transient response of the original system
due to some deterministic excitation. In this sense, an evolutionary random response
problem can be "nally reduced to a deterministic transient response problem.
(2) No matter what the original system is, time-invariant or time-variant, problems for

modulating functions of evolutionary random responses can be formulated in a unique way
and solved by any e!ective numerical methods, including the Runge}Kutta method.
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